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Abstract 

Liouville field theory on an unoriented surface is investigated, in particular, the 
one point function on a MP2 is 

calculated. The constraint of the one point function 
is obtained by using the crossing symmetry of the two point function. There are 
many solutions of the constraint and we can choose one of them by considering the 
modular bootstrap. 
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1 Introduction 



In the recent development of the string theory, the D-branes become the crucial ob- 
jects. Among other things, they are used for the investigation of the string duality and 
AdS/CFT correspondence. However, it is known that there are tadpoles in the configu- 
rations only with D-branes and we have to introduce the orientifolds in order to cancel 
the tadpoles. Thus, it is also important to investigate the orientifolds. 

The most famous example is the type I string theory, which can be regarded as the 
type IIB string theory with (1+9) dimensional orientifold plane. This theory is defined 
on unoriented worldsheets with and without boundary. Although we know well the ori- 
entifolds in the fiat space, we have little knowledge about the orientifolds in the curved 
backgrounds. Only in the case of rational conformal field theory, the orientifolds have 
been investigated and their geometrical pictures are given recently [HElinilZllHlin] ■ 

In this paper, we consider the Liouville field theory on an unoriented surface as the 
simple example of non-rational case. Liouville field theory is also interesting because it 
appears in several important systems. This theory was much investigated about ten years 
ago because of the relation with the two dimensional quantum gravity. It is known that 
the Liouville field theory is dual to the S'L(2, M)/f/(l) WZW model, which appears in 
superstring theory as an interesting solvable case. In addition, the AdS^ string theory is 
resemble to the Liouville field theory, thus it is important in a sense of the AdS/CFT 
correspondence. 

The Liouville field theory with boundary is studied in (TUIIIII [121 1131111113112] and 
we will follow their analysis. First we obtain the solutions of the one point function by 
making use of the crossing symmetry on the two point function. Then we determine the 
precise form by considering the one loop partition function. The D-branes in the AdS^ 
space are much investigated (13 [13 [13 I^SIHl 12212312312312312312312312312111^21^ in 
the similar manner. The orientifold of the AdS^ space is also constructed in jHlj, however 
the constraint is too weak and we cannot determine the precise form of the one point 
functions^. It is a better point that we can determine the exact form in the Liouville field 
theory case. 

The organization of this paper is as follows. In section [3 we review the Liouville field 

theory on a sphere and summarize our notations. In section [3 the one point function 

on a MP^ is examined. We obtain the constraints from the crossing symmetry of the two 

point functions and then we solve these constraints. In sectional we consider the modular 

^The one point function can be determined up to overall factor with the help of the geometric inter- 
pretation [SI- 
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bootstrap and the precise form of the one point function is determined. The conclusion 
and discussions are given in section El and the several useful formulae are summarized in 
appendix El 



2 Liouville Field Theory 

The Liouville Field Theory is defined by the action 

S = ^J d^Xy^lg^^'d^cpd.cP + QR(j) + ATifie^""^] , (2.1) 

where g is the metric and R is the scalar curvature. The quantity Q = b + 1/b is called 
as the background charge and /i is called as the cosmological constant. By setting /i = 0, 
the stress tensors are given by 

T{z) = -{d^Y + Qd^^, f{z) = -{d<pf + Qd^ , (2.2) 

and the central charge of the theory is c = 1 + QQ^ . The primary fields are defined as 
Va = exp{2a(f){x)) with the conformal weights A„ = a{Q — a). The normalizable states 
correspond to the operators with a = Q/2 + iP, where we restrict P > since the 
operators Va and Vq_q, are related by so called reflection relations pUj . 

We can investigate the conformal field theory by considering the correlation functions 
of the fields. In principle, the multi-point correlation functions can be calculated from 
the information of the two point functions and three point functions: 

{VaAxi)Va,{x,)Va,{x,)) = ^ > (2-3) 

pi — X2\ ^^\X2 — a;3|"^^^3|X3 — 

where we use 

Ai2 = + Aa, - , A23 = + A«3 - A„^ , A31 = A„3 + A,, - A^, . (2.4) 

These quantities can be obtained by using the following technique. Among the general 
states, there are special states which are degenerate 

= e((i-'")i+(i-")^)^ , (2.5) 

and they satisfy some differential equations. The simplest one is given for $12 = as 

1 



^^d' + T{z))V^t=0 . (2.6) 
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When considering the operator product expansions including the degenerate states, these 
differential equations restrict the number of primary fields. For the above example $1^2 = 
V_b/2, we find 

r .K~C+V;_.+C_V;+| , (2.7) 
where the coefficients can be calculated as C+ = 1 and 

7(2&a -1-b^) Tjx) 

7(— 0^)7(260;) r(i — x) 

Using this operator product expansion, we can evaluate the three point function including 
this field in two ways. Equating two quantities, we obtain the constraint and the solution 
is given by 

The constraint does not determine the unique solution, however there is a quite strong 
constraint that the quantities obtained should be related by the duality h 1/b. This du- 
ality should be understood by also replacing the cosmological constant fj, with p, satisfying 



nfil{^) = (nfij{e)) . (2.10) 



The general three point functions can be evaluated in the similar way and their explicit 
forms are obtained in [!?K | l!?n t l!?? [ l38 | l!?n] . 



3 One Point Function on a MP^ 

For the oriented surface with boundary, there are several constraints of the theory which 
are called as the sewing constraints jlH], and for the unoriented surface, there are three 
types of additional constraints J^. In this section, we use the constraint related to the 
one point functions on the MP^ and in the next section we see the other two types of 
constraints from Mobius strip and Klein bottle amplitudes. 

The one point function on a MP^ can be calculated by using the mirror technique. In 
the case of the one point function on a disk, we can use the upper half plane by conformal 
mapping from the disk. Then, we can map from the upper half plane to the whole plane 
by using the involution I{z) = z. There is a fixed line Im^; = 0, which corresponds to the 
boundary. In the case of the one point function on a MP^, we can also use the upper half 
plane, however we should use other involution I{z) = —1/z and there is no boundary. By 
using these mirror techniques, the one point function on a MP^ can be written as 
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where the z dependence is determined by the conformal symmetry. 

In order to determine the coefficient V{a\ we use the two point function including 
the degenerate field V-hi2 just like the bulk case as 

(y_J^z,z)Vc,{w,'w))w2 . (3.2) 

When two points z and w are close, it is natural to use the OPE ()2.7j) and we can write 

as 



1 + ww\ 






1 \ zw\ 


4A„ 



ly_b{z,z)Vo,{w,w))m-^ = — — — r X 



X (c+ia)U (^a - ^ j T+iv) + C-i(^)U (a + J'.iv)^ , (3.3) 

where we define the cross ratio as 

rj = ^ _ (3^4) 

(1 + ZZ){1 + WW) 

Since this correlation function includes the degenerate field $1,2 = V-b/2 which satis- 
fies ()2.fj|l . the conformal blocks also satisfy the differential equation and they can 
be obtained by solving the differential equation. These solutions are expressed by the 
hypergeometric functions as 

jr^(ry) = r]^^{l - r]f'^F{-l + 2ha - 2b^, 2ba, 2ba - b^; 7]) , 

J^_{n) = ryi-^"+^'(l - nf'^Fil + b\ -b^, 2 - 26a + 6"; r]) . (3.5) 

Some properties of the hypergeometric functions are summarized in appendix 1X1 
We should notice that the involution / acts to the field as 

I:Vo,{z,z)^e^Vo,(^~,-^^ , (3.6) 

where the phase factor should be ea = ±1 since the product of two involutions is the 
identity. In the rational conformal field theory case, the label of fields takes a discrete 
number, therefore we can choose an arbitrary sign for the different fields as long as they 
are consistent with the OPE. On the other hand, the label of fields in our case takes the 
continuous value. Thus we can see that the consistency of OPE implies e = +1. By using 
this fact, we find 

(K.(^,^)---) = (K.(-p-^)---) , (3.7) 
and this equation gives constraint to the one point function 
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ww\ 


2Aq— 2A_(,/2 




1 + zw\ 


4A„ 



The following two point function can be calculated in the similar way as 

2 \ W W 

X (c4a)U (^a - ^+(1 - r/) + C4a)U (^a + - v)j . (3.8) 

Using the properties of the hypergeometric functions in appendix ^ we obtain 

r(26a-6^)r(l-26a + 6^) 

r(2&a - &^)r(-l + 2&a - 
^ r(-l + 26a - 262)r(2a6) ^^''^ ' 

r(2 - 2&a + mi - 2&a + 6^) 
-^-^^ r(l-26a)r(2-2a6 + 262) '^+^^^+ 

+ r(i + 62)r(-62) -^-^^^ ^^-^^ 

Now we can compare two quantities ()3.3j) and ()H.8j) by using ()3.7|1 . Then the following 
constraints are obtained as 

, / b\ r(26a - 62)r(l - 26a + 62) / 6\ 

''i"-2j = — nTTwrn — '^r"2j 

TT// r(l-26a + 62)r(-l + 26a-62) / b\ 

-U \ a ' 



7(-62) r(26a)r(2 - 26a + 262) \^ ' 2/ ' 
, / 6\ r(2-26a + 62)r(-l + 26a-62)^ / 6\ 

^r+2j=^ r(i + 62)r(-62) ^^("+2] 

7(-62) r(2-26a + 62)r(26a-62) / _ 6\ 

TT/i r(l - 26a)r(-l + 26a - 262) 1^ 2 j ' ^ ^ ^ 

These constraints can be solved and the solutions are of the forms as 

U{a) = l{7r^,^{b')Y<^-'-y''T{2ba - b')T - 1 - l) /(a) . (3.11) 
The function /(a) is given by the linear combination of the following two functions as 

cos((b+l)n(a-^)) , cos((b-l)n(a-^)) , (3.12) 



67 V 2JJ ' VV 6/ V 2 
where we have used the duality 6 ^ 1/6 in order to restrict the form of the solutions. We 
should notice that these solutions satisfy the reflection relation 



U{a) = U{Q-a)D{a) , (3.13) 
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where D{a) is the coefficient of the two point function ()2.9p . Ahhough we cannot de- 
termine the coefficients at this level, they can be fixed by considering the Mobius strip 
amplitude as we will see in the next section. 



4 Crosscap State and Modular Bootstrap 

It is convenient to introduce the boundary states and the crosscap state for considering 
the Liouville field theory on the annulus, Mobius strip and Klein bottle. First, let us 
review the analysis of the boundary states [Tn|ll2j. The Virasoro character of the general 
non-degenerate representation a = Q /2 + iP is given by 

p2 

Xp(r)=TrH,(g^°-^) = ^, (4.1) 

where the eta function ?7(r) is defined in appendix El The modular transformation can 
be written as 

XP (-^) =V2j dP'xpiT)e'-^''^' . (4.2) 
For the degenerate state ^m n, the character is 
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Xm,n(r) = ^ , (4.3) 



which transforms under the modular transformation as 



1^ = dPxpir) (^cosh (^27tP + nhj^ - cosh (2txP - nh 

dPxp{T) sinh i — - — j sinh(27™6P) . (4.4) 
The boundary states are described in terms of the Ishibashi states |12j which satisfy 

,(P|gK^o+Lo-^)|p/^^ = WxpM ■ (4.5) 

The general boundary states can be written by the linear combination of the Ishibashi 
states. The coefficients correspond to the one point functions since they can be calculated 
by the overlaps between the boundary states and closed string states. 

The one point function on a pseudosphere was obtained in [T2j and the corresponding 
boundary states are labeled by (m, n) as 

c{m,n\ = I dP^mAP)i{P\ ■ (4-6) 
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The boundary state |l,l)c can be interpreted as a basic state and the wave function 
^1,1 (P) is 

^1 1(^) = ^'^'^"^ ^(7r/i7(62))-^/^ . (4.7) 

The other wave functions ^1/^ „ are expressed in this basis as 



sinh (^^) sinh(27™6P) 



sinh(^) sinh(27r6P) 

There are the other kind of boundary states which correspond to the one point func- 
tions on the disk [10]. The wave functions can be labeled by a continuous number s and 
they are given by 

2-1/^1(1 + 2z6P)r fl + ^) cos(27rsP) ^ 

The normalization of wave functions is determined by using the basic boundary states. 

Next, we construct the crosscap state. For the Mobius strip amplitudes, it is convenient 
to introduce the following characters jl] as 

Xa(g) = e-'^^(^"-^)Xa(-v^) . (4.10) 

The modular transformation of the Mobius strip can be performed by so called P matrix 
(P = \^ST'^SVT). This matrix transforms r — l/(4r) and for the character of the 
non-degenerate representation it can be given by 



^ ^rfPV-i^P'^-— , (4.11) 



\2 



V (-i) J Virj 
and for the character of the degenerate representation it can be written as^ 

e-2-(-47)i(f +"^)' - (_i)™«e-'-(-i7)3(f-«fe) 



dP— ^(^cosh(^7rP(^-^ + n6jj -(-l)'""cosh(^7rP(^-^-n6jjj . (4.12) 

In the case of crosscap state, the Ishibashi states are defined by 
,(C,P|gK^o+Lo-^)|^^p,^^ ^ (5p,p,xp(r) , 

,(P,P|gK^o+Lo-^)|^^p/^^ ^ ^p^p,^p[r) . (4.13) 



^In the previous version, there was a sign mistake in the second term of the first equation. I am 
grateful to S. Hirano and Y. Nakayama for pointing out this error. 
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In this basis, the crosscap state is represented as 

c{C\ = JdP^c{P)i{C,P\, (4.14) 

where \l/c(-P) is the wave function corresponding to the crosscap state. 

In order to determine the wave function \l/c(P), we use the character of the identity 
representation (m, n) = (1, 1). The modular transformation is given in ()4.12|1 and it can 
be interpreted as 

Xi,i (-^) = / dPxp{r)'^iAP)'^c{-P) . (4.15) 
This equation determines the wave function including the normalization factor as 



X (^cosh (^71 P + ^)) + cosh (^7tP " ^))) • (4-16) 

This also determines the precise form of the one point function on the MP^ fj3.12|) . 

Because we obtain the precise form of the crosscap state, we can calculate the other 
partition functions straightforwardly. The overlaps between the boundary states \m,n)c 
()4.6|) and the crosscap state \C)c are given by 

Zm,ni^) = J dPxpir)^m,niP)'^ci-P) 

r ^ sinh (^^) sinh(27m6P) cosh (^) cosh(7r6P) 

= 2 / uPy p[t) 7 7 . 

J sinh (^) sinh(27r6P) 



(4.17) 



By using the formula 



sinh(27rn6P) cosh(7r6P) w , ^/ , ^^ ^ 

^ ^ — = cosh(7r6P(2/ + 1)) , (4.18) 



sinh(27r6P) 
we find 

m— 1 n— 1 y s 

ZmAr)= E E X2k+i,2i+i[ — ) . (4.19) 

A; = 0,1,--- i=0,l,-- ^ 

We should note that the coefficient of the character of the identity representation is less 
than one, which means that the crosscap state we have constructed is the irreducible one. 
The other type of the Mobius strip amplitudes correspond to the overlaps between the 
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boundary states parametrized by s and the crosscap state as 
Z,(r) = J rfPxp(r)*.(P)^c(-P) 

= J dPdP'xP' (-^) e2-^^^'v^,(P)v[/^(-P) 

= / dP'xP' [-1) p{P') , (4.20) 

where p{P') is the density of states. The last one is the Klein bottle amplitude, which is 
given by 

Z{t) = J dPxp{T)^c{P)'^c{-P) 

= J dPdP'xp, (-i) e'-''''"^c{P)'^c{-P) 

= I dP'xP' (-^) p(P') . (4.21) 

In the case of the boundary states, the density of states can be calculated by the other 
method and we can compare them. It is interesting to compare these densities of states 
with the ones obtained by other methods if we could also in the case of crosscap state. 

5 Conclusion 

Liouville field theory on an unoriented surface is investigated. The basic information is 
given by the one point function on a RP^. Since it is difficult to calculate in general, we 
use the trick which was developed for the bulk three point function [37] and for the one 
point function on a disk [10] and on a pseudosphere The degenerate states satisfy 
some differential equations, and hence the two point functions including these states are 
calculable. By assuming the crossing symmetry, we obtain the constraint for the general 
one point function ()3.10|) . Although there are plenty of solutions of the constraint, we 
can choose one of them ()4.16|1 by making use of the modular bootstrap. 

Since Liouville field theory is a typical example of the non-rational conformal field 
theory, the application to the other backgrounds, e.g., AdS^ spaces |34., might be done 
by using the methods we have used. Apart from the solvable property, Liouville field 
theory is interesting because it can be embedded into the full superstring theory. For that 
purpose, we should extend our analysis to the supersymmetric case like P^jlT?)] . If we can 
apply to the consistent superstring theory, the orientifolds in a non-trivial background can 



9 



be constructed and we may see interesting phenomena in the system with the non-trivial 
orientifolds. 
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A Several Useful Formulae 

The hypergeometric functions have the following properties under the reparametrizations 
F{a, b, c; r/) = (1 - vY—'F{c -a,c-b,c;v) , (A.l) 

^/ , N r(c)r(c — a — 6) , 

Fa, b,c;l-r])= r(F a, 6, 1 - c + a + 6; r/ 

r(c — a)T{c — b) 

+ ^'-"''^-^^^^T^^^nc - a, c - 6, 1 + c - a - 6; ry) . (A.2) 
T{a)V{b) 

We often use the following formulae for Gamma function as 

r(l + z) = zT{z) , (A.3) 

r(i-^)r(^) = -^, (A.4) 

sin(7rz) 

r(l + ix)r(l-ix) = — — — -, (A.5) 

smh(7rx) 

where z is an arbitrary complex number and a; is a real number. 
The Dedekind eta function is defined by 

oo 

V{r) = q^^ Yli^ - qn , (A.6) 

n=l 

where q = exp(27rir) and its modular transformation is given by 

Vir + 1) = e'^*/i2^(r) , r/ (^-i) = v^^(r) . (A.7) 
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